Haemodynamic simulations using one-dimensional (1-D) computational models exhibit many of the features of the systemic circulation under normal and diseased conditions. We propose a novel linear 1-D dynamical theory of blood flow in networks of flexible vessels that is based on a generalized Darcy's model and for which a full analytical solution exists in frequency domain. We assess the accuracy of this formulation in a series of benchmark test cases for which computational 1-D and 3-D solutions are available. Accordingly, we calculate blood flow and pressure waves, and velocity profiles in the human common carotid artery, upper thoracic aorta, aortic bifurcation, and a 20-artery model of the aorta and its larger branches. Our analytical solution is in good agreement with the available solutions and reproduces the main features of pulse waveforms in networks of large arteries under normal physiological conditions. Our model reduces computational time and provides a new approach for studying arterial pulse wave mechanics; e.g. 2 J o a q ú ı n F l o r e s 1 et al.
1 Introduction
Pulsatile blood flow in the systemic arterial tree is generated by the contraction of the left ventricle (LV). The pulse wave propagates in the arterial tree distending and contracting blood vessels (e.g. it produces the pulse that can be felt in the wrist) and producing changes in blood pressure and flow in time and space. These changes are determined by physical properties of the cardiovascular system, some of which are altered by disease; e.g. heart contraction, arterial sti↵ness, and peripheral vascular resistance. Therefore, the shapes of pressure and flow contours (also called pulse waves) measured at a given arterial site carry valuable information about the functionality of the cardiovascular system. However, it is not clear yet what is the relative role of physical properties of the heart, large arteries and smaller blood vessels in generating arterial pulse waves in normal conditions or with diseases such as hypertension.
Di↵erent modelling approaches have been proposed to study arterial blood flow. Lumped parameter zero-dimensional (0-D) models, group the properties of the cardiovascular system without considering its spatial characteristics. They are described by ordinary di↵erential equations and, hence, provide a computationally inexpensive and mathematically simple framework to study whole-system dynamics. 13, 21, 46, 50, 52 However, they are not suitable for studying pulse wave propagation phenomena. 0-D accumulated and one-dimensional (1-D) models can accurately describe pulsatile blood flow in the arterial network while keeping the computational cost down. 1, 4, 6, 7, 20, 27, 29, 32, 33, 35, 40, 41, 47, 53 Three-dimensional (3-D) techniques are used to describe complex 3-D flow features and their interaction with the vessel wall, such as those observed in stenosis and aneurysms. 9, 17, 23, 24, 37, 38, 45 , 48   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 On the downside, using 3-D techniques to investigate arterial pulse wave propagation is computationally expensive.
Lumped parameter 0-D models relate the blood pressure and flow waveforms with global properties of the cardiovascular system, such as arterial compliance, peripheral vascular resistance and outflow pressures. They provide clinically useful analytical relations between global cardiovascular properties (e.g. peripheral vascular resistance and arterial compliance) and blood pressure in conditions such as hypertension. 52 Analytical solutions for 1-D pulse wave propagation phenomena have been proposed for a single vessel 25, 36 and have been used as boundary conditions representing downstream vessels in 1-D 35 or 3-D 51 formulations. However, we are unaware of any analytical 1-D models of blood flow in networks containing the aorta and larger systemic branches. Such a model could allow us to quickly investigate the role of individual physical properties of the cardiovascular system on pulse waveforms. This is important, for instance, to identify properties responsible for pathological conditionse.g. changes in the pressure waveform with hypertension -that should be targeted for improved treatment.
The aim of this paper is to present and validate a novel linear 1-D formulation of blood flow in networks of flexible vessels for which a full analytical solution exists in frequency domain. We call it the generalized Darcy's elastic model (GDEM) since it is based on a 0-D generalized Darcy's model (GDM) for pulsatile flow in rigid vessels, 12, 14, 15 which was previously extended to study flow in tree-like networks of rigid vessels. 19 The GDM has been used to analyze numerically and analytically the e↵ects that di↵erent anatomical variations (anastomosis, obstructions, vessel suppression) have on the total flow through a network. 18, 49 We first introduce the governing equations of the GDEM and their analytical solution to describe blood flow in a single elastic vessel and in a network of elastic vessels. We assess the accuracy of this formulation in a series of benchmark test cases for which computational 1-D and 3-D solutions are available from Xiao et al. 55 These tests show the ability of the analytical GDEM to reproduce the main 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 features of pulse waves and velocity profiles. We finish with a section of Discussion in which Conclusions and Perspectives are comprised.
Materials and Methods
We introduce the governing equations of our novel GDEM model for blood flow in a network of elastic vessels. The network is decomposed into segments connected to each other at nodes. Each segment is modeled as a deformable tube, representing a blood vessel. We present the theory, first for a single vessel, and then for a generic network. Further details on the derivation of the GDEM model are given in Appendix I.
Generalized Darcy's Elastic Model (GDEM) for a single vessel
By assuming the vessel wall to have a cylindrical shape; the wall to be impermeable; blood to be a Newtonian or a Maxwellian fluid, of density ⇢ and viscosity ⌘; and no-slip boundary conditions for the axial velocity at the average wall position, R0, conservation of momentum in frequency domain gives an expression for the local axial velocity of the fluid,û(x, r, !), that is linearly related to the pressure gradient along the flow direction:
where x and r are the axial and radial coordinates, and K L (r, !) is a local dynamic permeability, given by:
Here k 2 = ⇢ ⌘ tr! 2 + i! , where tr is the fluid relaxation time (zero when blood is assumed to be Newtonian, finite when it is Maxwellian), and i = p 1 . The hat   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 in pressure and velocity, indicates that they are in frequency domain; i.e. they are functions of space and frequency.
Averaging Eq. (1) over the average cross-sectional area, A0, gives an expression for the flow in frequency domain,Q, across A0, which is called a generalized Darcy's law in frequency domain and is given bŷ
Here K(!) is the dynamic permeability:
Equations (1) and (3) were originally derived for a constant pressure gradient along the flow direction. 14, 25 However, in this work we assume that they are valid locally; i.e. , that at any position x, the local pressure gradient determines both the local velocity and the flow, and that their x-dependence comes solely from the pressure gradient. Both, K L (!) and K(!) are measurements of the resistance to blood flow.
By assuming the vessel wall to be a linear elastic tube that follows Hooke's law, an expression relating changes in pressure with changes in the luminal crosssectional area can be obtained (see Appendix I). This can be coupled to the axial velocity by conservation of mass to give i!Cp + @Q @x = 0,
which relates pressure,p(x, !), and the flow,Q(x, !), in the frequency domain.
The constant C is called the vessel compliance, and is given by 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   6 J o a q ú ı n F l o r e s 1 et al.
where E is the Young modulus, h is the vessel thickness, and R d is the radius at diastole.
Solution for pressure, flow and velocity profiles in frequency domain
We show how to calculate blood flow and pressure in the frequency domain as a function of the axial coordinate. Di↵erentiation of Eq. (3) with respect to x and substitution into Eq. (5) yields the following harmonic oscillator equation for pressure in frequency domain,
with a complex constant
. The solution of Eq. (7) subject to the boundary conditionsp(x = 0, !) =p in , for the pressure at the inlet (x = 0), and p(x = l, !) =po, for the pressure at the outlet (x = l), is given by: 
It should be noted that the elasticity of the vessel determines the variation of the pressure gradient along the vessel, Eq. (9), while the generalized Darcy's law for a rigid tube, Eq. (3), gives the flow along the axial direction since Eq. (3) is considered to be locally valid for any pressure gradient.
As a result, substitution of Eq. (9) into (3) yields the flow along the axial direction for an elastic tube: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 where
Similarly, substitution of Eq. (9) into the local Darcy's law for a rigid tube, Eq. (1),
gives the velocity profiles along the flow direction:
where
Equations (8), (10) and (12) enable calculation of the pressure, flow and velocity profile at any position along a vessel as a function of the pressures in its extremes.
Pressure, flow and velocity profiles for vessels with di↵erent type of connections within a network
A generic network of vessels may have multiple inputs and outputs. In this study we impose volume flow rates at the input boundary conditions and couple threeelement Windkessel models at the outputs to obtain a system of equations for the pressures at the network internal nodes (presented in the next section). Vessels can be classified into the following three types (see Fig. 1 ), depending on their boundary conditions:
-Vessel Type I (see Fig. 1a ). This has an inflow as boundary condition and a pressurepo at the outlet, which is to be determined as part of the solution.
Oncepo is known, the pressure, flow and velocity profiles along the vessel are 
Equation (14) -Vessel Type II (see Fig. 1b ). This has pressures -to be determined as part of the solution -both at the inlet,p in , and outlet,po. Once these are known, pressure, flow and velocity profiles along the vessel are given by Eqs. (8), (10), and (12).
-Vessel Type III (see Fig. 1c ). This has a pressure at the inlet,p in , and a Windkessel boundary condition coupled to the pressure,po, at the vessel outlet.
Bothp
in andpo are to be determined as part of the solution. Once they are known, flow and pressure along the vessel are given by Eqs. 
It consists of a resistance R1 connected in series with a parallel combination of a second resistance R2 and a compliance C Wk . The resistance R1 is equal to the characteristic impedance of the end point in the terminal vessel in order to minimize wave reflections. 3 Equation (17) in frequency domain is given bŷ
where the impedanceẐ iŝ Here we show how to write a system of equations for the pressures in the nodes as a function of known blood and vessel properties, and boundary conditions for inflows and Windkessel terminal branches. We define a node as the mathematical point where two or three vessels are connected. Nodes can be classified into the following four types depending on the type of vessels that they connect (see Fig. 2 ).
Hereafter, superscripts will denote the vessel number for the flows, and superscript in squared brackets will denote the node number for pressures.
-Node Type I (see Node N in Fig. 2 ). This has an unknown pressure p [N ] and connects one vessel of Type I (h) and two vessels Type II (h + 1 and h + 2).
At node N , flow conservation can be expressed aŝ
where the outflowQ h o is obtained from Eq. (15) evaluated at x = l and the inflowsQ h+1 in andQ h+2 in are given by Eq. (10) evaluated at x = 0. This giveŝ
-Node Type II (see Node S in Fig. 2 ). This has an unknown pressure p [S] and connects three vessels of Type II: j, j +1 and j +2. At node S, flow conservation is expressed asQ
For the outflow of vessel j, we evaluate Eq. (10) at x = l; for the inflowsQ j+1 in andQ j+2 in , we evaluate Eq. (10) at x = 0. Thus, we can write flow conservation as
-Node Type III (see Node T 1 in Fig. 2 ). This has an unknown pressure p [T 1] and connects two vessels of Type II: m 1 and m. At node T 1 flow conservation is expressed asQ
For the outflow of vessel m 1, we evaluate Eq. (10) at x = l and for the inflow of vessel m, we evaluate Eq. (10) at x = 0, so that we can write flow conservation as
-Node Type IV (see Node T in Fig. 2 ). This has an unknown pressure p [T ] and is the node that connects the terminal vessel m of Type III, with the three-element Windkessel model. At node T , flow conservation is given bŷ
To obtainQ m o , we evaluate Eq. (10) at x = l. For the Windkessel flow connected to vessel m,Q m Wk , we use Eq. (18). Thus, we can write the flow conservation equation as
Our formulation gives a system of equations for the pressures at the nodes.
To shorten the notation in matrix form, we define three quantities, 1, 2 and 3, that depend upon the characteristics of a single vessel, the properties of the fluid, and frequency:
where the superscript i denotes the vessel number and M is given by Eq. (11). In terms of these quantities, Eqs. (21), (23), (25) and (27) for node Types I, II, III and IV, can be written respectively as:
The system in matrix form is given by Kp =Q, where the matrix K that explicitly contains the terms for each of the four types of nodes is given by: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65
. . .
The solution for the pressures at the nodes,p, is given by the product of the inverse matrix, K 1 , and the vector of the inflow boundary conditions,Q; i.e. p = K 1Q . The matrix K, and its inverse K 1 , contain the characteristics of the vessels, the properties of the fluid, and the Windkessel boundary conditions. They can be considered to be response functions of the several-inputs, several-outputs system. K 1 can be obtained by inverting symbolically the matrix K. Once the pressures at the nodes are known, Eqs. (8), (10), and (12) can be used to obtain analytically the pressure, flow and velocity profiles in frequency domain along any vessel in the network.
Coupling of time-domain boundary conditions with the frequency-domain analytical formulation
In vivo measurements are always obtained in time-domain. Our formulation is done in frequency domain except that we have to Fourier transform in-vivo inputs to Fourier domain to use them as boundary conditions and anti-transforme pressure, flow and velocity profiles results to time domain in order to relate them with signals that can be compared with measured quantities and interpreted physically. 9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 The transformation from time to frequency domain and the inverse transformation from frequency to time domain have to be done numerically.
Solutions for Particular Models

Single vessel model
A single-vessel model involves a combination of vessel Types I and III, since we have as boundary conditions the inflow, in one extreme, and the three-element
Windkessel model in the other ( Fig. 3) . At the outlet of the vessel, flow conserva-
where the outflow of the vessel,Qo, is given by Eq. (15) evaluated at x = l, and the flow in the Windkessel model,Q Wk , is given by Eq. (18). This allows to rewrite Eq. (33) asQ
whereẐ is given by Eq. (19). Since this is the simplest possible model, we have a 1 x 1 matrix describing the response of the system and vectors with only one element for the pressure and the inflow. Solving for the pressurepo we havê
Using this expression forpo into Eqs. (14), (15) and (16), we obtain the pressure, flow and velocity profiles, in frequency domain, as a function of the axial direction
x, 6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65
Single bifurcation model
We consider a model for a bifurcation, containing a parent segment, and two branch segments. In order to obtain the system of equations for the pressures in the nodes, we use the notation of Fig. 4 . Node 1 is of Type I and Nodes 2 and 3 are of Type IV. Thus, following Eqs.(29) and (32), the system of equations for the pressures at the nodes, in matrix form, is given by:
By inverting symbolically the matrix we can obtain the following analytical expressions for the pressures at the nodes: 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 parent and daughter vessels reduce to:
(47)
Full aorta model
We consider a 20-artery model representing the aorta and its first generation of main branches (Fig. 5 ). An analytical solution for this model is calculated in Appendix II.
Results
We compare the solutions given by our new GDEM analytical approach, for blood modeled as a Newtonian fluid, with those obtained using the linear 1-D 2 and nonlinear 3-D 17 numerical formulations in a series of idealized models of the human common carotid artery, upper thoracic aorta, aortic bifurcation, and full aorta. 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 In both, 1-D and 3-D models used for comparison, the arterial wall was considered to be a thin, incompressible, homogeneous, isotropic and linear elastic membrane. In the 1-D model the arterial wall deformation was assumed to be axisymmetric, whereas, in the 3-D formulation no assumptions regarding axisymmetry were made. The 3-D model reproduces Womersley-like profiles, whereas 1-D model imposes a shape of the velocity profile.
Common carotid artery
The common carotid artery is simulated as a single vessel with uniform properties coupled to a three-element lumped parameter model of the rest of the systemic circulation, as described in Xiao et al. 55 The parameters of this model are given
in Table 1 . The inflow boundary condition, Q in (t), was measured in vivo and is shown in Fig. 6 . 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the flow as a time-depending cross-sectional area times a time-depending average velocity. Agreement is clearly better between the GDEM profiles and the 3-D profiles since the shape of the velocity profile is imposed -rather than calculatedin the 1-D model.
Upper thoracic aorta
The thoracic aorta from the aortic root to the descending aorta is simulated as a single vessel with uniform properties coupled to a three-element lumped parameter model of the rest of the systemic circulation. 55 The parameters of this model are displayed in Table 2 and the in vivo inflow boundary condition, Q in (t), is shown in Fig. 7 .
As for the common carotid artery, Fig. 7 also shows the predictions of pressure, flow rate, change in radius, and velocity profiles at several points obtained using the new GDEM (Eqs. (36), (37), and (38)), and existing 1-D and 3-D formulations with compatible geometrical and mechanical properties and identical inflow and outflow boundary conditions. 55 The GDEM is able to predict similar waveforms.
The smallest relative errors are for the pressure and the largest for the pressure di↵erence. Average relative errors are all smaller than 1.5% for pressure, flow and change in radius, and smaller than 5% for the pressure di↵erence between the inlet and the outlet of the vessel. Velocity profiles predicted by GDEM are closer to 3-D than 1-D profiles.
Aortic bifurcation
We consider a single-bifurcation model of the abdominal aorta branching into the two iliac arteries. 55 Both iliac arteries are coupled to three-element lumped parameter models of the rest of the systemic circulation. The parameters of this model are shown in Table 3 ; the in vivo inflow boundary condition, Q in (t), is shown in Fig. 8 . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 Velocity profiles predicted by GDEM are closer to 3-D than 1-D profiles.
Full aorta model
The last idealized model considered to test the analytical GDEM formulation is a bifurcating tree of the aorta and its larger branches represented by 20 arterial segments. 55 The network topology of this full-aorta model is shown in Fig. 5 .
General parameters of this model are given in Table 4 ; model parameters for each arterial segment are given in Table 5 . At the inlet of the ascending aorta, the flow rate measured in vivo, Q in (t), is prescribed as the inflow boundary condition. Terminal vessels are coupled to three-element lumped parameter models simulating blood flow and pressure in downstream vessels. Appendix II shows how the analytical response function matrix, K, is obtained following the methodology described in Section 2.2. Symbolic inversion of the matrix was done using Mathematica 7.
Appendix II includes an analytical expression for the pressure at the first node. 9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 When elasticity is included, as we do here, the frequency-dependent pressure gradient varies along the flow direction. We have assumed that a GDM is valid locally and have therefore named the model GDEM.
We have assessed the accuracy of the GDEM by comparison against idealized models of the aorta and its largest branches. These models range from single-vessel models to network models simulating blood flow in the aorta and first generation of branches under normal physiological conditions. For all test cases, average relative errors smaller than 2.3% for the flow and 2.1% for pressure were observed between the new GDEM and existing computational 1-D and 3-D models. Our results show the ability of the GDEM to reproduce the main features of pulse waveforms in networks of large arteries under normal physiological conditions.
Model features
We have combined a 0-D generalized Darcy's model (GDM) for rigid tubes that takes into account the linear dynamics of a momentum equation for the axial velocity, for Newtonian or Maxwellian fully developed fluids, with a 1-D model derived from the 2-D continuity equation and a Hooke' law that relates the pressure and the displacements of the tube in the radial direction. For this, we have assumed that the most important contribution for variations of the axial velocity along the flow direction, within a vessel, comes from the pressure. We have therefore created 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the GDEM by assuming that Darcy's model for rigid tubes is locally valid for any pressure gradient. The continuity equation and Hooke's law combined with the GDM allow one to write an harmonic equation for the pressure in frequency domain. Once this equation is solved with known boundary conditions at the vessel extremes, the pressure gradient can be calculated at any point along a vessel axis.
Then the existing GDM enables calculation of the flow and the velocity profiles.
We have assumed that the GDEM governing equations for a single vessel, are valid for each vessel within a network. We have imposed flow conservation and pressure continuity at the nodes. Consistent with our linear approach, the dynamic part of pressure (1/2⇢U 2 ) has been neglected.
We have written general equations for a network with multiple input and output boundary conditions, with flow waveforms prescribed at the inputs and outputs coupled to 3-element Windkessel models. To validate the GDEM, we have considered a single input for all test cases with the prescribed inflow waveform measured in vivo at either the aortic root or common carotid artery.
Our model does not impose a velocity profile, the GDEM for Newtonian fluids gives the Womerseley profile. However, the GDEM allows for a pressure gradient variation along the flow direction, that when substituted into the velocity equation
gives di↵erent profiles for di↵erent positions within a vessel. The GDEM has been presented for a Maxwell fluid in order to have the possibility of studying blood viscoelastic e↵ects, which might be relevant in small arteries. In order to validate GDEM with existing results, we have used the particular case of a Newtonian fluid in the present paper.
Model limitations
Our model has two main limitations: it considers linear terms in order to work in frequency domain and it considers axisymmetry of the flow since it uses a 1-D approach. The range of applicability of the proposed methodology has been validated for the aorta and its main branches and the agreement with 3-D results   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 with realistic geometry (curvature, torsion and tapering) indicates that, at least under normal physiological conditions -in the absence of stenosis or aneurisms-, our 1-D approach and the linearization are reasonable approximations in the validated range. We suspect that around valves, large obstructions, and large stenosis the 1-D linear formulation will be less accurate. However, this still needs to be tested.
We have provided an analytical solution for cylindrical segments without any tapering. This is not a serious limitation since tapering can be simulated in a discrete fashion by dividing a segment into several sub-segments, each with slightly di↵erent radius. For instance, we have followed this approach for the full-aorta model, for which the aorta was divided into several segments, each with distint radius and elastic properties.
We have neglected vessel wall viscoelasticity, which could be included into our 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 and in uncertainty and sensitivity analysis of pulse waves. 16, 28
Results for single artery models
We started by testing our new GDEM in two single-vessel benchmark test cases representing the common carotid artery (Fig. 6 ) and upper thoracic aorta (Fig. 7) , under normal physiological conditions. These are idealized test cases that do not account for vessel curvature, torsion, tapering or branching, which are all properties found in anatomically-correct aortas and carotid arteries. Under these assumptions, the analytical GDEM was able to capture the main features of pressure and flow waveforms provided by the numerical 1-D and 3-D models, as well as the velocity profiles computed by the 3-D model with an axisymmetric velocity profile prescribed at the inlet. 55 Relative errors were consistently smaller for the carotid than the aorta model. This is due to inertial forces playing a larger role in the aorta model; the peak Reynolds number is nearly an order of magnitude greater in the aorta. 55   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   24 Joaquín Flores 1 et al.
Conclusions and Perspectives
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@p @r = 0.
Equation (51) implies that pressure is only a function of x and t, and adjusts instantaneously to any point of a luminal cross-sectional area.
We then transform Eq. (50) to the frequency domain. For simplicity of notation we define k = k(!), such that k 2 = ⇢ ⌘ tr! 2 + i! and B(x, !) = ⇣ 1 i!tr ⌘ ⌘ dp dx . We obtain the following equation for the axial velocityû(x, r, !) in frequency domain, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 This is a Bessel equation of order zero, whose general solution iŝ
where J0 is the Bessel function of order zero of the first class and N0 is the Bessel function of order zero of the second class, also known as Neumann function of order zero. The particular solutionû p (x, !) is given bŷ
and the general solution forû(x, r, !) iŝ u(x, r, !) = aJ0(kr) + bN0(kr) + 1 i!⇢ dp(x, !) dx .
In order to determine the values of a and b we impose the following boundary conditions: the axial velocity, u, has to be finite at r = 0, and zero at the average radius, R0. This gives Eq. (1) that allows for the computation of velocity profiles. 
whereÛ (x, !) is the axial velocity averaged over the average cross-sectional area A0. The dynamic permeability, K(!), is simply the average of the local dynamic permeability over the average cross-sectional area and is given by Eq. (4) . The
x-dependence ofÛ (x, !) comes from the pressure gradient. Equation (3) follows from Eq. (56) by assuming that the flow is approximately Q(x, t) ⇡ A0U (x, t).
The approximation of the area by its average A0 is necessary in order to keep a linear relation between flow and pressure gradient in frequency domain. 9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 The fluid velocity v = u(x, r, t)î + v(x, r, t)r satisfies the continuity equation @⇢ @t + r · (⇢v) = 0.
For incompressible fluids in cylindrical coordinates, this one is given by @u @x + 1 r @(rv) @r = 0.
Averaging this equation over the mean cross-sectional area gives
where U (x, t) is the axial velocity averaged over the mean cross-sectional area.
We consider that the fluid and wall velocities are equal at the average radius, i.e. v r=R0 = @R @t R0 , which leads to @U @x + 2⇡ A0 R0 @R @t R0 = 0 (60) and, in terms of the flow Q(x, t) = A0U (x, t), it becomes @Q @x + 2⇡R0 @R @t R0 = 0.
A relationship between P and R is required to write the local radius of the vessel in terms of the local blood pressure. Here we consider a relationship between the pressure and the elastic deformation of the tube, R, 22, 31
where p pext is the transmural pressure, E is the Young modulus, h is the vessel thickness, and ⌫ the Poisson ratio, that we take as ⌫ = 1/2 (i.e. we assume the arterial wall to be an incompressible material). Around the radius at diastole, R d ,   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 this can be approximated as
where p d is the pressure at diastole. This type of 'tube law' has been extensively used in the literature. 3-5, 8, 11, 20, 26, 30, 33, 35, 42-44, 53, 55 We take the time derivative of Eq.(63) in order to find an expression for the time derivative of the radius in terms of the time derivative of the pressure to be used in Eq. (61). We evaluate it at the average radius, R0, and obtain @R @t 
Appendix II. Full aorta model
This appendix describes the analytical solution for the full-aorta model, which consists of 20 vessels representing the aorta and its first generation of larger branches.
At the inlet of the ascending aorta, the flow rate measured in vivo was prescribed as the inflow boundary condition, Q in (t). Terminal vessels were coupled to threeelement lumped parameter models simulating blood flow and pressure in downstream vessels. Following the notation of Fig. 5 , node 1 is of Type I, nodes 2, 3, 5, 6, 7, 8, 9, and 10 are of Type II, node 4 is of Type III, and nodes 11, 12, 13, 14, 15, 16, 17, 18, 19 and 20 are of Type IV. According to Eqs. (29), (30), (31) and (32), the system of equations for the pressures at the nodes, in matrix form and in terms of the functions  i 1 ,  i 2 and  i 3 defined in Eq. (28), is given by:p = K 1Q . Herep is the 20-element vector for the pressures at the nodes,Q is the vector of the inflow boundary conditions whose sole non-zero element is the first one and is given by Q1 in cos(k 1 c l 1 ) , and K 1 is the inverse matrix of K, which is a response function of the system. K is given by: 9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65
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